It is reasonable to suspect, from a probabilistic point of view, that whenever a is a positive integer and a is not a power of 10, then the number of blocks of a n tends to in nity as n goes to in nity. For an arbitrary base b > 1, it is not di cult to show that B(a n ; b) is bounded whenever log a= log b is rational, and for other values of a, we would like to conclude that B(a n ; b) tends to in nity with n. We show in fact that this is a consequence of a certain transcendence result. Theorem 1. Let a and b be integers 2. If log a= log b is irrational, then (1) lim n!1 B(a n ; b) = 1:
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Typeset by A M S-T E X Theorem 1 can be improved whenever b is not a prime power and a is a prime divisor of the base b.
Theorem 2. Let b be a positive integer which is not a prime power and let p be a prime.
Then p divides b if and only if (2) lim
We will give an elementary proof of Theorem 2, so it is worth noting that Theorem 2 implies that (1) holds with b = 10 for a = 2; 4; 5; 6; 8; 12; : : : and, in general, whenever the exponent of 2 in the largest power of 2 dividing a di ers from the exponent of 5 in the largest power of 5 dividing a.
We make one further observation. Theorem 2 implies that there is a positive integer n such that every multiple of 2 n which is relatively prime to 5 contains two blocks formed from the same digit. We were able to establish computationally that n = 53 is the smallest such n. Similarly, any odd multiple of 5 13 contains two blocks formed from the same digit, and the exponent 13 is best possible in this case. In particular, if B is the set of all numbers not ending in the digit 0 base 10 and consisting of blocks formed from distinct digits, then there are exactly two numbers in B divisible by 2 52 . To prove Theorem 1, it su ces to show that for any positive integer M, there are only nitely many n for which B(a n ; b) M: Given M 2 Z + , consider any n such that B(a n ; b) M: Let m = B(a n ; b)+ ; where = 0 if b j a n and = 1 otherwise. De ne d 1 as the rst right-most nonzero digit of a n base b and take k 1 to be the number of right-most consecutive zero digits of a n . Let d 2 be the next right-most digit of a n satisfying d 2 We deduce from Lemma 1 that there are only nitely many n for which B(a n ; b) M. Proof of Lemma 1. Throughout the proof, we will make use of the notation f g which will mean that jfj cg for some constant c = c(m; a; b; a 1 ; : : : ; a m ) and for all k 1 ; : : : ; k m , and n being considered. We also will add to the conditions (i), (ii), and (iii) of the lemma, a fourth condition: Observe that if k 1 and n satisfy the above equation and k 0 1 and n 0 are integers for which a 1 b k 0 1 = (b ? 1)a n 0 , then b k 1 ?k 0 1 = a n?n 0 . Since log a= log b is irrational, we could then deduce that n 0 = n and k 0 1 = k 1 . In other words, the above equation has at most one solution in integers k 1 and n. Lemma If some f v = 0, then (3) holds upon taking p u to be any prime divisor of b. On the other hand, if each f j > 0, then the values of e j =f j for j 2 f1; : : : ; tg cannot all be the same, since otherwise log a= log b would equal this common value and, hence, would be rational.
Thus, there are u and v in f1; : : : ; tg for which e u =f u < e v =f v , so (3) holds in this case.
Fix u and v as in (3) and consider equation (iii). Note that f u > 0. The largest power of p u dividing the right-hand side of (iii) is p e u n u . Since p f u u divides b and b k 1 divides the left-hand side of (iii), we obtain k 1 f u e u n. Now divide both sides of (iii) by b k 1 Since p v and f u depend only on a and b, we deduce the inequality n k m ?k 1 , as desired.
We will also want (4) k m n + 1; so we show next that this is a consequence of (i), (ii), and (iii). For r 2 f2; 3; : : : ; mg, we obtain (b ? 1)a n = From (iii), we obtain that b k 1 ja n so that k 1 n + 1. Hence, (4) follows.
The basic idea now is to use Lemma 2 to strengthen these estimates. More precisely, we consider n > 2 and show that Since m and w are xed, we can conclude that n is bounded. By (4) and (i), we have that all the k i are bounded, thereby completing the proof.
It remains to establish (5), which we now prove by induction on i. Assume n > 2 and consider rst the case when i = 1. Using (ii) with r = m, we see that a m > 0. We get from (iii) that Taking the logarithm of both sides of (7) gives In conclusion, the authors thank (blame) J. L. Selfridge for mentioning related questions which led to this work. The authors are also grateful to Titu Andrescue and Andrzej Schinzel for simplifying separate parts of the proof of Lemma 1.
